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In this paper, we proposed two classes of estimators under two new
calibration schemes for a heterogeneous population by incorporating
auxiliary information of Non-Conventional Measures of dispersion which
are robust against the presence of outlier in the data.Theoretical results are
supported by simulation studies conducted on six bivariate populations
generated using exponential and normal distributions. The biases and
percentage relative efficiencies (PRE) of the proposed and other related
estimators in the study were computed and results indicated that the
estimators proposed under suggested calibration schemes perform on
average more efficiently than conventional unbiased estimator, Rao and
Khan (2016) and Nidhi et al. (2017).

Keywords: heterogeneous population, Outliers, Estimators, Robust
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1. Introduction

Traditional method of estimating mean of a study variable y in heterogeneous
population stratified into K homogeneous non-overlapping subgroups is to use
conventional estimator defined in Eq. (1) as follow:

*Corresponding author: supriya.khare@bhu.ac.in

The Philippine Statistician Vol. 70, No. 2 (2021), pp. 23-42 23



K —
Tst :thl‘{lhyh (1)

where, ¥, =N, /N, y, = n;IZfl”l Vi » 1, 18 sample size of units drawn with
i

SRSWOR from stratum %, N, is the size of stratum /4 and yj, is the i" observation
of stratum 4.

Utilizing information on supplementary variables to improve the precision of
estimators at planning, designing and estimation stage is a well-known approach
in sampling theory. Estimation, especially in stratified sampling, entails attaching
weight to sample data followed by calculating the weighted mean. Deville and
Sarndal (1992) suggested modified weights which improve the precision of
an estimate using a procedure called calibration. Many authors have proposed
estimators and studied their properties in this direction including Singh & Mohl
(1996), Estevao and Sarndal (2000), Audu et al. (2020a), Audu et al. (2020b)
and Audu et al. (2021). Tracy et al. (2003) obtained calibration weights for
population mean by using first and second order moment of auxiliary variable
in stratified random sampling. Kim et al. (2007) utilized calibration approach in
defining estimators for population variance in stratified random sampling. Barktus
and Pumputis (2010) proposed calibration estimator in stratified sampling for
estimating population ratio. Sud et al. (2014) and Estevao & Sarndal (2002) have
proposed estimators for different population parameters under different sampling
schemes that satisfy the underlying constraints. The weights in stratified sampling
are only a function of stratum size which does not gives importance to the stratum
information.

Rao and Khan (2016) suggested two new calibration schemes by additively
transforming both stratum sample and population means of auxiliary variable
using sample and population coefficient of variation respectively in the constraints

K
with respect to usual unbiased estimator 7, = Z Y, y,,where ¥, =N,/ Nis the
=

stratum weight and y, is the stratum average of study variable y. The calibration

weights ‘¥, and W', are selected so as to minimize the distance function

K
Z, = Z(\P;j -y, )2 /¥,p,, j=1,2 subject to calibration constraints

h=1

K K _ K o K —
;\le(fh +cxh)=;\Ph(Xh +CX/1)anth=:,\th (xh +Cy +1):hz=;\yh (Xh +Cy +1)

respectively, where X, and X, are sample mean and population mean of A"

stratum
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n, —\2 N, — \2
e =3 o Sy 2= Zi:l(xhi _xh) 7 _LZM 52 = Zi=1<xhi_Xh)
xh T — PN Xh T 5 9 xh T s M T =1 hi> P Xn T
X, X, n, -1 n N, -1

The two schemes proposed are as follow;

Tri1 :iqjh.)_/hiqjh ()?h +Cx)[iqjh()_ch+0«v)j_ (2)

h=1 h=1

K K _ K -l
Trra = Z\P/jhz\yh (1+Xh +CX)(Z\PI1 (1"’)7}: +Cx)j (3)
=t

h=1 h=1

where W, is the stratum weight, C, is the population coefficient of variation of X,
and c, is the sample coefficient of variation of X.

However, 7z, and 7z«, are functions of coefficients of variation which can be
affected by the presence of extreme values or outliers.

Recently, Nidhi et al. (2017) suggested a new calibration procedure with

K

respect to usual unbiased estimator 7, = Z‘P A )_/h , where ¥, = N,/N is the
h=1

stratum weight, and J, is the stratum average of study variable y. The calibration

weights W), is selected so as to minimize the distance function

K
7 = Z(\PZ -Y¥, )2 /Y, 8, subject to two calibration constraints

h=1

K K _ K —
Z‘I’th :Z‘PhXh and Z‘P; =1, where X, and X, are sample mean and
h=1

y
h=1 h=1
population mean of A" stratum. For the cases ¢,=1 and @, =X, ' Nidhi et al.

(2017) obtained new calibrated estimators

K _ A (= K _
Tnsss1 = h=1"Phyh + B (X_Zh=1q"hxh) 4

and
K s (= K _
Tusssy = 2y Ladi + B (X_thllphxh)

respectively where

)

K o K _ —Kk _
- VX, =2, Y, Zh:l\yhxh

stl 2
K s K _
=1 X, - (Zh:l X, )

and
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K _ K _ K _
A h:I\Phyhzh:llPh /X, — o Y /%,
st2 T K — K —

PINR F=AJE SEAS

2. New Calibration Estimators

The coefficient of variation is affected by outliers, hence, an alternative to
the estimators 7z, and 7z, would be to replace the coefficient of variation with
robust measures of dispersion. Measures of dispersion which are robust to outliers
are useful in cases when the population departs from normality. Motivated by
Subzar et al. (2018), we proposed new calibration estimators in stratified random
sampling using information on robust measures such as Gini’s mean difference
Gy (gy), Downton’s method Dy, (d,,) and probability weighted moments Py, (py,).

Let z e R* be population with units z,1,2,.., N, then;

G, (2)=2N"(N-1)" X" (2i-N-1)z, (6)
D, (z)=2dzN"(N=1)" 2" (i—=(N+1)/2)z, (7)

P, (z)=\/;N’ZZL(2i—(N+1))zi (8)

Also, let u be sample with unit u, 1,2,..., n, , then;

g () =20 (1) 2 (26 n 1),

dy (u)=24mn (n=1)" X" (i=(n+1)/2)u, (10)
Py (W) =zn? X" (2i—(n+1))u, (11)

Downton’s Method, Gini’s Mean Method and Probability Weighted Method
have been studied by several authors (see David 1968, Downton 1966, Greenwood
et al 1979, Yitzhaki 2003). Some existing literature on the improvement of
estimators that utilized these robust functions include Abid et al. (2016), Gupta
and Yadav (2017) and Yadav and Zaman (2021).

(€)

2.1. First new calibration scheme
To obtain the first class of calibration estimator, consider estimator defined in
Eq. (12) in stratified sampling;

K
T =200, i=1,2,3. (12)

h=1
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where @;i

denoted Z subject to constraints involving the non-standard measures of
dispersion, that is,

is the new calibration weight that minimizes the Chi-square function

min  Z' =" (€, -¥,) /¥4,
K LS — (13)
543,05 (%, +v,(0) = 2, (X, +7,(0))
h=1

K *
h=1 ®hi = 1

where ¢h > 0 in (13) are suitably chosen weights which determine the form of
estimator,

Vi) = Gun(x),Vau(x) = Dy(x), Van(x) = Pry(x),
Vii(X) = gunl(X),Van(X) = dril(X), Va(x) = pam(x)

This minimization problem may be solved by the method of Lagrange
multipliers.
Consider the following function

£ 0, -, ’ S S Y
L,= ZM_ZA (ZG)M (xh TV (x))_ijh (Xh +Va (x))j (14)
= Ve, h=1 h=l
242,05 -1)

where /;, j =1,2 is Lagrange multiplier. Then, differentiate Lg with respect to
®,,,4,4,, and equate to 0, that is,

g :0’ gZO, g:() (15)

Solving Eq.(15), we get Eq. (16), Eq.(17) and Eq.(18);

0, =¥,+4¥,4, (fh +Vih(x))+/12‘{jh¢h (16)
> 05 (% v (0) = D0 P, (X, +V,(0) =0 (17)
> @, -1=0 (18)

A. Audu et al. 27



Substituting the value obtained from Eq. (16) in Eq. (17) and Eq. (18), we get
Eq. (19) and Eq. (20) as;
K _ 2 K —
A Wit (% +v, () + 4 ¥, (K, +v,(x))

- (19)
=3 W (X, 4V, (0) =D (R, v, ()

A W (R, v, (D)) + 4D W, =0

(20)

Solving Eq. (19) and Eq. (20) simultaneously, we get expression for 4, and 4,
denoted by A and 1,"" respectively as;

S (X W (X 4,0) = 20 W (5 v, ()

Z::I\Ph@ Z;\Ph@ (J_Ch +Vhi(x))2 _(Z::I\Ph¢h (fh TV (x)))

opt _

> (2D

L W45, +vh,.(x))( L (X, 4V,0) - W (5 + v,“.(x)))

A== K K 2 K 2
h:l\yh¢h ,,:111111¢h (fh +Vhi(x)) _( et ¥,9, (fh + Vhi(x)))

(22)

Now, substituting Eq.(21) and Eq.(22) in Eq.(16), the new calibrated weights
@), are obtained as

0, =¥, +4"¥,4, (fh TV (x)) + 4", 9, (23)
and the new class of calibrated estimators is obtained as;
PSR BTy (Zf;‘l’h (X, +7,(0)- 3 ¥, (5, +v, (x))),
i=12,3 -
where

. _ Z;],(:] ¥, 4, Zf:. ¥, 4, ()_Ch +Vhi(x))yh - ;],(zllph¢h.}_}h Z::1Th¢h (fh TV (x))
z:(:l lPh¢hz:<:1 V.4, (fh +th'(x))2 _(ZthllPh¢h (fh +Vhi('x)))

st
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This estimator has estimated mean squared error (MSE) denoted by
MSE (7, ) given by;

MﬁE(TARi) = V(J_)st ) + ps*tz V()?st ) - 210;1 COV(J_/st)Tst) (25)
where
v(y,)= Z; 7S v (%)

= le\Ph}/hS.fh’COV(.)_/st)_Cst)

K 1 1
=Zh:1\Ph}/hp}’XhSthxh’7/h =Z_Fh

Further, substituting ¢, =()_ch +v, (x))_l, and v,(x) be either g,(x) or

dy(x) or pyu(x) we obtained new estimators as;

K _ . K — K _
Z.ARI = h=1 \Phyh + pstl ( h=1 \Ph (Xh + GMh (x)) - h=1 \Ph (xh + th ('x)))

K — . K - K — 26
Tara = 2apa Y+ s ( el Y, (Xh +D,, (x)) = Luna Y, (xh +dy, (x))) (26)
K — % K = K —
Tars = ,,:l\Pth +p§t3( hZILPh (Xh +PMh(x))_ hzl\Ph (xh + Py (x)))
where
K — -1 K —_ K —_ -1 —
p* _ Zh:lqjh (xh + Vhi (X)) h:lqlhyh - h:llph ('xh + Vhi (x)) yh
sti T K _ -1 K —
Zh=1 ¥, (xh TV (x)) thl Y, (xh TV (x)) -1
i=1,23
2.2. Second new calibration scheme
To obtain the second class of the proposed estimators, we let
K
Tysi = szzyha i=12,3. 27

h=1

where H;, is the new calibration weight such that the Chi-square function 7" is

defined as
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min T = Zthl(HTh vy, )2 N g
s1 Z,K H (145, +v,(0)= 5w, (14 X, +7,(0) (28)

H =1

ih

Solving for new calibrated weights H) using the Lagrange multipliers

technique, the new calibrated weights H), is
H), =¥, + 4"V, 8, (1+X, +v, (X)) + 15"V 4, (29)
where

S (D (145, 7,(0) = 2 W, (145, +,(0))

K K _ 2 K _ 2,
v Vit 2, YVt (1+xh+vh[(x)) _( hzl‘{’h¢h(l+xh+vh[(x)))

opt __

Z::I‘I’,Iqﬁh(lﬂ_cﬁvhi(x))( L (148, ,(0) = X ¥, (145, +7,(0))

K
i ) LIIh‘/jh (1+xh Ty (x) (Zh 1lPh¢h L+3, +v (x)))

opt _

Hy ==

and the new class of calibrated estimators is obtained as:
K — % K = K —
T =Yk W+ ( LWL (14X, 4 V,00) -3 ¥, (14X, 4, (x))),

i=1,23 (30)
where

o = z MZ ¥,4, (l+xh +Vy (x))y,, Zh I‘Ph¢hyhz V.4, (1+x/1 +Vy (x))
LY W, (4%, v, 0) (20 %0, (4%, v, )

The estimated MSE of 7,5; = 1,2,3 denoted by MS’E(rASl.)is given as:

M§E(1AS,.) (J’s;)‘“" v(x,)-20; cov(y,X,) 1)

Also, substituting ¢, :(1+)?h +V, (x))fl, and v,(x) be either g,,(x) or

dyn(x) or pyu(x), we obtained new estimators as:
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K = K _
Tas1 = ‘Phyh +Jm( ;,:l\Ph (1+Xh +GMI1(X))_ h:]‘{lh (1+xh +th(x)))
\Ph

Tas2 = h:I‘Ph.)_/h +0,, (Zthl (1+)_(h +DM/1(x))_ K: ¥, (1+)_Ch +d,y, (x))) (32)
AT

Tus3 = Wi +6913 (1+X + B, (x)) Z h (1+xh +P,Mh(x)))

where
K —_ -1 K —_ K —_ -1 —
*. — h:lLPh (1+xh +Vhi(x)) hzllphyh _Zh:l‘{jh (1+xh +Vh[(x)) yh
Y (1%, 4v,(0) 2 W, (145, +9,(0) -
i=12,3

2.3. Properties of the new weights ©).and H,,,i =1,2,3
Theorem 1: The proposed weights ®, andH;;,7 =1,2,3 are consistent.

Proof: As n, > N, X, = X , and v, (x) = V;(x). Then, the expressions 4" and

opt

A in ©;,,i=1,2,3 converged to zeros and expressions 4" and g in
H;,,i=1,2,3 tend to zeros. So,
.0
lim = =1 (33)
n, >N, \Ph
. H,
lim —2 =1 (34)
n, >N, \Ph
K
Theorem2: lim » @, =1land lim H =1.
n,—>N, = n,—>N, =

Proof: Take the summation of @ andH;, ,i =1,2,3 over K, we obtained

K
Z®:u’ :1+ﬂ10plZ\Ph¢h (fh +Vhi(x))+/120ptzlyh¢h (35)
h=1 h=1 h=1

K
2 H, =1+ ﬂoptZ‘Ph% (145, +v,, () + ﬂé’p’Z‘PMh ; (36)
h=1

h=1
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Take the limits 7 — N, of Egs. (35) and (36), AT =0, 4" ~0,u™ ~ 0,4 =0,

X, = X, vy~ V,, hence the proof.
Theorem 3: 0< @), <land 0 <H}, <1,i =1,2,3.

Proof: Asn, —> N, A7 =0, =0, 4" ~ 0,15 ~0, then

lim ©;, = lim H, =¥, =N, /N (37)

n, >N,

K
Since N, > 0 (population size of stratum /), N = z N, > 0 (Total population
h=1

under study) and N, <, N, then 0 <y, <1, (l//h = %} » hence the proof.

3. Simulation Study

We conducted simulation studies to examine the performance of the proposed
estimators compared to the usual unbiased estimator, Rao and Khan (2016)
estimators and Nidhi et al. (2017) estimators. We generated two sets of data of size
1000 units each as the study populations each stratified into three non-overlapping
heterogeneous groups of sizes 200, 300 and 500, respectively. The assumptions
about the populations are summarized in Table 1. Samples of sizes 20, 30 and 50
respectively from the three strata are obtained 10,000 times by SRSWOR method
from each stratum respectively. The biases and precision (PREs) of the considered
estimators are computed using Eqs. (38) and (39) respectively.

Bias(é) :M Z (5—17) (38)

J=1

PRE(H:.) = (Var(H) / Var(¢9,))100

(39)
10000 o
where var(6)=—— z (‘rst —Y) )
10000 “=
. | oo .
Var( 1) = 10000 1~ ) s 0 = Trgrs Thias Taris Taras Tovsssts Taissso Taras Tast Tasas Tasa
=
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Tablel. Population used for Empirical Study

Population Auxiliary variable x Study variable y
I i = 50000+, = 1,2,3
a=05,1,15,2.0,2.5
$v~ N(is y)s $1=0, =1,
1 A),A1=02
thexP( h)’ T yhi:a‘xln+x}i+§hi’h:1’2’3
3,203,3.20.1 @=05115,2.0,2.5
& NN(¢h’Wh)’¢h =0y, =1,
I Vi = O+ X 25+, h=1,2,3
a=05,1,1.5,2.0,2.5,
& ~ N(O,l),h =1,2,3
v Yy =50ax, +&,,h=1,2,3
=0.5,1,1.5,2.0,2.
x ~N(w,0)p =30, @Z03L1520,23
éh g N(¢h"//h)s¢h :Os'//h =1,
M =50, H;=15,9,=25,
v ’ ’ l Yhi :axlu+xlfx+§ht’h:l’273
G,=170, %= 20, a=0.5,1,1.5,2.0,2.5
& ~N(¢h3y/h)’¢h =0y, =1
Vi Yhi :axh,er:erx; +&,,h=1,23
@=05,1,1.5,2.0,2.5,
& ~N(0,1),h=1,2,3
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4. Discussion

Tables 2, 3, 4, 5, 6 and 7 showed the results of biases and PREs of the usual
unbiased, Rao and Khan (2016) and Nidhi et al. (2017) and proposed calibration
estimators using populations I, IL, III, IV, V and VI respectively defined in Table
1 for different values of a = (0.5, 1.0, 1.5, 2.0, 2.5). The results of the PREs in
Table 2 revealed that for all the values of a (coefficients of linear component of
response variable models) using linear function, the proposed estimators have
highest values except the proposed estimator z,; performed below Rao and
Khan (2016) and Nidhi et al. (2017) estimators under normal distribution while
the results of Table 5 revealed that for all the values of a (coefficients of linear
component of response variable models) in the linear function, the proposed
estimators have highest values except the proposed estimators Tar1, Tarz, Tar3
which performed below Rao and Khan (2016) Tz, estimator under exponential
distribution. Also, the results of the PREs in Tables 3, 4, 6, and 7 revealed that for
all the values of a (coefficients of linear component of study (response) variable
models) using linear, quadratic and cubic functions in Table 1 for both normal
and exponential distributions, the proposed estimators have highest values except
some few cases in which the proposed estimators 7,5 and 7,5, performed below
Nidhi et al. (2017). These results implied that the proposed estimators on the
average are more efficient in estimation of population mean than other related
estimators considered in this study.

5. Conclusion

In this study, we used auxiliary character for a heterogencous population
in the form of robust statistical measures based on Gini’s mean difference,
Downton’s method and probability weighted moments. These measures which
are not unduly affected by outliers present in the data and provide more efficient
estimates of population parameters in the presence of extreme values were used
as alternatives for coefficient of variation used by Rao and Khan (2016). From the
results of the Tables 2 and 3, it is observed that the estimators proposed under both
the calibration schemes are not only robust against outliers but more efficient than
usual ratio estimator in stratified sampling.
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