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Abstract

This paper discusses the problem of estimating the population
mean utilizing information on the mean and variance of qualitative
characteristics. We infroduce some efficient classes of estimators
based on higher order moments such as the variance of an
auxiliary attribute. The conventional mean estimator, Bhushan and
Gupta (2016) estimator, and the traditional regression and ratio
estimators proposed by Naik and Gupta (1996) are shown to be the
sub-class of the proposed estimators for properly chosen valuations
of the described scalars. The effective performance of the
suggested estimators has been assessed empirically and
theoretically with respect to the contemporary estimators.
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1. Introduction

In survey research, it has been found that the consideration of auxiliary (supplementary)
information assists to improve the efficiency of the estimator provided that there arises a high
degree of correlation between the variable of interest and the supplementary variable. Several
classes of improved and modified estimators have been suggested till date. Bhushan et al.
(2020a, b, c, 2021a, b), Bhushan and Kumar (2020, 2022), and the references listed therein
are a few recent noteworthy contributions in this regard. In real life scenarios, many times the
study variable may be associated with some easily available qualitative auxiliary elements.
For example: height of persons (y) and sex (¢); quantity of production of gram crop (y) and a
specific variety of gram crop (¢); quantity of milk production (y) and a specific breed of cow
(d). Moreover, if measuring a quantitative variable is costly, then such an auxiliary attribute
may be considered, which can be constructed from the auxiliary variable and is highly
associated with the study variable. For example: (1) the tax paid by a company (y) may
depend on its turnover (¢) which can be converted into a large/small companies; (2) the
family expenditure (y) may depend on the household size (¢) which can be classified as
large/small household; (3) the yield of crop (y) may depend on large/small land holdings (¢).

Various renowned authors suggested a wide range of classes of modified and improved
population mean estimators consisting of auxiliary attributes in simple random sampling
(SRS). The classical product, regression and ratio estimators were suggested by Naik and
Gupta (1996) for the population mean estimation utilizing auxiliary attribute. Jhajj et al.
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(2006) investigated a general class of population mean estimator based on auxiliary attribute.
Influenced by the work of Ray and Singh (1981), Singh et al. (2008) developed a class of
estimators utilizing auxiliary attribute. Adapting the procedure of Kadilar and Cingi (2006),
Abd-Elfattah et al. (2010) developed a class of population mean estimators by combining
different ratio estimators. Grover and Kaur (2011) extended their own work and investigated
an improved population mean exponential estimator utilizing auxiliary attribute. Singh and
Solanki (2012) proposed a more effective auxiliary attribute-based estimation method for
population mean. Koyuncu (2012) envisaged an efficient population mean estimator utilizing
auxiliary attribute. Bhushan and Gupta (2016) introduced a ratio type estimators based on
higher order moments such as the variance of an attribute ¢. A family of ratio exponential
estimators consisting of an auxiliary attribute were explored by Zaman and Kadilar (2019).
Zaman (2020) developed an exponential kind of estimators utilizing attribute. An improved
auxiliary attribute-based log type estimator was suggested by Bhushan and Gupta (2020).
Motivated by Bhushan et al. (2021b), Bhushan et al. (2022a) suggested a few attribute-based
enhanced classes of estimators for population mean. In order to compute the population mean
and variance utilizing auxiliary attribute, Bhushan et al. (2022b) presented certain linear
combination type estimators.

This paper discusses some efficient auxiliary attribute-based classes of regression and ratio
type estimators using higher order moments such as the variance. The following sections
make up the schema of this paper. Section 2 devotes to the existing population mean
estimators based on auxiliary attribute. In Section 3, a few efficient classes of regression and
ratio type estimators have been proposed using higher order moments such as variance of
auxiliary attribute along with their characteristics. The comparative study between the
suggested and existing estimators has been performed in Section 4. Results of an empirical
application are presented in Section 5 for the verification of the efficiency conditions
followed by the discussion of the numerical results tabulated in Section 6. Finally, we reach
to the conclusion in Section 7.

2. Review of Existing Estimators

To compute the population mean ¥ of the study variable y, let a simple random sample s of
size n be drawn without replacement from a finite population 8 = (X4, Xy, ..., Ny) of size N.
Let ¢; and y; be the observations on the auxiliary attribute ¢ and the variable of choice y for
unit i of the population X. Note that if the unit i € ¢ then ¢p;=1 and if i &€ ¢ then ¢;=0.
Suppose A = ¥, ¢; and a = ZI, ¢; represent the total number of units in the population R
and sample s, respectively, with attribute ¢, whereas P = (A/N) and p = (a/n),
respectively, represent the population and sample proportion with attribute ¢. Let ¥
=N-13¥.y; and y =n"1ZlL,y; be, respectively the population and sample means of study

variable, 'y with the expressions S, = \/ (N —1)"12, (y; — 7)2 and S =

\/ (N —1)~12N, (¢p; — P)? be, respectively, the population standard deviation of the study

variable y and the auxiliary attribute ¢. Furthermore, let us define S,4 = (N —
1)1V, v;¢; — NYP) and p = Sys/SySe be the population covariance and population
coefficient of correlation between the study variable y and the auxiliary attribute ¢.
Likewise, C, = S, /Y and Cy = Sy /P be, respectively, the coefficient of variation of study
variable y and auxiliary attribute ¢.
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We take into consideration the following expressions to define the mean square error (MSE)
and bias of the estimators: y =Y (1+¢,), p = P(1+e,) and 55, = S;(l +e,) given
E(eo) = E(e;) = E(ep) = 0and E(ed) = yC3, E(ef) =yC§, E(ef) = y(Aos —
1),E(eqe;) = ypCyCy E(egez) =yCydi,  and E(eje;) =yAg3sCy where y = (N —
M)/NN, Aoy = Hap/Hey #oh" and pgy = (N = DT'EL, (v, — N (p; — P)P.

The classical mean estimator is stated as T,, = y while the variance of the estimator T, is
expressed as

V(Tn) =yY2Cy. €Y

An attribute-based classical ratio estimator was presented by Naik and Gupta (1996) T, =
y (g) while the MSE of the estimator T,. is given by

MSE(T,) = yY?(C} + C3 — 2pC,Cy) - @)

An attribute-based classical regression estimator was also presented by Naik and Gupta
(1996) as

T, = }_’+ﬁ¢(P -p)s

where S is the regression coefficient of y on ¢p. The MSE of the estimator T}, is provided as
o P2 P
MSE(T,) = y7?(C} + B3 5C3 — 2, ?prC(p).

By minimizing the MSE(T;,-) with respect to (w.r.t.) Bg, we obtain By opry = P (%) By
)

replacing the value of By with B ope) in the MSE(T,,.), we obtain

minMSE (Ty,)) = Y?yCZ(1 — p?). 3)

Motivated by the work of Ray and Singh (1981), Singh et al. (2008) investigated the
undermentioned estimators utilizing information on auxiliary attribute as

T, = {7+ B (P — ) (B0i22),
where B is the same as defined earlier, m, (s 0) and m, are either real numbers or
functions of the known parameters of the attribute, namely, the population coefficient of
kurtosis f,(¢), the population coefficient of variation Cy of the attribute ¢ and the
population correlation coefficient p between the variable y and the attribute ¢p. Furthermore,
some members of the estimator Ts are given hereunder for the suitably chosen values of
constants m, and m, as

T, = (7 + 8P =} (5):

T, = {7 + B (P = )} (522,
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=

Ty, = {7 + B (P — D)}

Pﬁz(¢)+c¢)

T = 7+ B P =0} ooy

Ty, = {7+ By (P —p)}

Ty, = {7 + By (P — p)} §C¢+p>

Tss = {3_/ + ﬂd)(P - P)}

(

Grroee

Gesmaio
Q=W+%@—MK:)

(

(

(Geccorer.

Pﬁz(¢)+p)

Ty = 7+ Bo® =2} (00

Ty = {7+ B (P — p)} (22,

where B,(¢) = poa/u3, is the population coefficient of kurtosis of attribute ¢. The MSE of
the estimator Tsi, i=1,2,..,10 is provided by

MSE(Ty,) = yY?{RZC} + C3(1 — p?)}, )

Where Ry =1, R, = P/(P + 2(9)), R3 = P/(P + Cy), Ry = PBo(p)/(PB2(¢p) + Cy), Rs =
PCy/(PCy + B2($)), Rs = P/(P +p),R; = PCy/(PCy + p), Rg = Pp/(Pp + Cy), Ry =
PB,(¢)/(PB2(¢) + p), and Ry = Pp/(Pp + B2()).

Bhushan et al. (2015) suggested the auxiliary attribute-based logarithmic estimator under
SRS as T,y = }7{1 + alog (z—i)}, where a is a duly selected scalar. Additionally, p* =
np + A and P* = nP + A such that n and A are either real numbers or functions of the
known population parameters of the attribute, namely, the population coefficient of kurtosis
B2(¢), the population coefficient of variation Cy of auxiliary attribute and the population
correlation coefficient p between y and ¢». The MSE of the estimator T} is given by

MSE(Tyg) = yY?(C} + a®v2C + 2avpCyCy),

where v =nP/(nP + A). By minimizing the MSE (T, ) W.r.t. @, we get @(opry = —p (:Ty)
¢
and by replacing the value of @ with a(op¢) in the MSE (Tpgq), we get
minMSE (Tyy) = Y2yC2(1 — p?). 3)

This resembles the minimum MSE of the estimator for classical regression.
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Bhushan and Gupta (2016) introduced the following class of estimator utilizing higher order

B (s2\°

. . . _ (P

moments such as the variance of an auxiliary attribute as Tjg1 = ¥ (;) (S—‘f> , where  and
¢

0 are scalars. The MSE of the estimator Ty, is given by
MSE(Tyg1) = yY?{CZ + B*Cj + 0%(Ags — 1) — 2BpCyCyp + 2B0CyAg3 — 20Cy Ay, }.

By minimizing the MSE(T,q;) with respect to f and 6, we get Bpy =

Sy \ (p(Aoa=1)=A12403 _ Sy p(A12=pA03) :
(Q) {W}, and e(opt) = (g)m. By replacmg the value of ,8 and 6

with Bopey, and Oopey, respectively, in the MSE(Tbgi), we get

> (L12 = pAo3)?
minMSE(Tyq,) = yY2C2 {1 —p? -0 (6)
(Tog1) Y (Ros — 1= 233)
We would like to mention that following Bhushan and Gupta (2016), one may also propose
regression and Walsh (1970) type estimators using higher order moments such as the
variance of auxiliary attribute but both will furnish similar results under the optimal

conditions.

Following Singh et al. (2007), Zaman and Kadilar (2019) suggested the following estimator

_ = mP+)—(mp+2) : ;
as T, = yexp {—(nP+ Do /1)}’ where 17 and A are same as previously specified. The MSE of

the estimator T, is expressed as
MSE(T,,) = yY?(¢2C5 + CE — 2{pC,Cy), 7

where { = nP/2(mP + 1). A few members of the estimator T, are also included in Table 1
for quick reference. Following Ozel (2016), Zaman (2020) introduced an exponential ratio

s -
kind of estimator as T, = y (E) exp {%

B }, where ¢ is a suitably chosen scalar and
1 and A are same as previously specified. The MSE of the estimator T, is expressed by

MSE(T,) = yY?(C} + ¢2C3 + v*Cj — 26vCy + 26pC, Cyp — 2pC,,Cy),

where v =nP/(nP + A). By minimizing the MSE (T,) w.r.t. ¢, we get Giops) =V — DC&.
)
By replacing the value of ¢ with ¢op¢) in the MSE(T,), we get
minMSE(T,) = Y?yC3(1 — p?), (®

which is similar to the minimum MSE of the classical regression estimator ;..

Bhushan and Gupta (2020) suggested the log type family of estimator utilizing auxiliary
attribute as Tp,gp = {Wl}_/ +w, (%)} {1 + alog (z—i)}, where wy, w, and a are duly chosen

scalars. Moreover, the optimum value of @ can be determined from the log kind of
estimators Ty, envisaged by Bhushan et al. (2015). Furthermore, p* and P* are the same
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as defined earlier. A few members of the estimator Ty g, are also included in Table 1 for
quick reference.

Table 1: Some members of Zaman and Kadilar (2019) and Bhushan and Gupta (2020)
estimators.

Values of Values of Members of Members of
. 1 Zazz:ﬁ;l;grls(;il?;(jzil 2 Bhushan and Gupta (2020)
12 ...,1(J) estimator Tyg5(jy,j = 1,2, ..., 10

1 B2 () Tyr(1) Tyg2(1)

1 Cop 770 Thg2(2)
B2(¢) Cy Tyr(s) Tpg2(3)
Cy B2(®) ) Thg2ea)

1 p Tak(s) Thg2(s)

Cy p Tar(e) Thg2(6)
p Ce %) Thg2(7)
B2(¢) P ) Tyg2(s)
14 B2(¢) Tok(9) Thg2(9)
Se B2(¢) Tyk(10) Thg2(10)

The MSE of the estimator T4, is given by
MSE(Typg,) = (Y2wWZA + wiB + V2w, D + Yw,G + Yw,w,F + 72), )

where A = 1+y(C3 + a®v?C§ + 4avpC,Cy — avC3), B = 1+ y(C; + a*v2C5 — avpCl +
4avC}), D = y(av?iCi — 2avpCyCy) — 2,G = y(av?iCi — 2avCi) —2and F = 2 +
2y(2avCy + 2avpC,Cy + pCyCy — av?Cy + a?v2C3).

_ (GF-2BD)

By minimizing the MSE(T,g,) w.rt. wy; and w,, we obtain wyps = Gan-r7)’ and

Y(DF-2GA) . X
Waont) = g2y - By replacing the values of wy and w, with Wiy and wy(opn),

respectively, in the MSE (Tbgz)’ we obtain

(10)

_ AG? + BD? — 2DFG
minMSE (Tyg,) = V2 {1 _{ )}

(44B — F?)

3. Proposed Classes of Estimators

The main goal of this article is to use data on the auxiliary characteristics to develop some
efficient classes of estimators as an alternative to the estimators reviewed in the preceding
section. Motivated by the work of Searls (1964) and Bhushan and Gupta (2016), we suggest
some regression and ratio type estimators using higher order moments such as the variance of
an auxiliary attribute ¢ as

Tor =y + B (P—p) + 91(5; - Sé),
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Toz = a3y (P)BZ (ﬁ)gz, and

- 2
P Sé

I 0
Tas = 57 {rm) {s§,+93(s§,—sé,)}’

where a;, f; and 8;, i = 1,2, 3 are suitably opted scalars. The classes of estimators T,;, i =
1, 2, 3 are reduced into:

e Usual mean estimator Ty, for (a;, B;,0;) = (1,0,0),

e (Classical regression estimator T}, for (aq, By, 61) = (1, By 0),

e C(lassical ratio estimator T, for (a5, 8,,60,) = (1,1,0)

e Bhushan and Gupta (2016) estimator T}, for (a3, B2, 0;) = (1,5,6).

Theorem 3.1. The suggested class of estimator T,; has the following bias and minimum
MSE:

Bias(T,y) = Y(ay — 1), (11D
minMSE (Ty1) = Y2(1 — aty.0pr))- 12)
Proof. Consider the first estimator
Tor = a1y + B1(P —p) + 6,(S5 — 55).
Rewrite the estimator T,; by utilizing the notations defined in Section 2, we get
Tor = aiY + a;Yey — B Pe; — 6,S5e,.
By subtracting ¥ on both sides of the above expression, we get

Tor =Y = a,¥ +a,Yey — BPe; — 6,S5e, — Y. (13)

The bias of the estimator T, is obtained by taking the expectation on both sides of Equation
13 which results to  Bias(T,,) = Y(a; — 1). On the other hand, the MSE of the estimator
T, is obtained by squaring and taking the expectation on both sides of Equation 13 as

MSE (Tay) = {(ay = D?Y? + afyS§ + B7ySs + 07vSg(Aos — 1) —
20, B1ypSySe — 2“191}’5}55)/112 + 2.3191]/5;/103}-

By minimizing the MSE (T,;) w.r.t. a1, f; and 6,1, we get

Shashi Bhushan & Anoop Kumar | 77



?2

7 (A2 — pAg3)? }'
2 211 _ p2 — 03)
R R ey

Q1(opt) =

p(Aosa—1)—212403
Bi(opt) = %1 (opt) ( ){W}’

(A12—p403)
O10pt) = al(OW)( )(AM 1-22,)

By substituting the optimum values of a4, B; and 6, in the MSE (T,,), we get

2 2
) _ 2 2 2 S P(Aoa—1) =212, 2
minMSE (Ty,) = [(al((,pt) — 1)V + afopy VS + aZopn) (i) {7;:4_1_122 "3} ¥Ss +
Sy A2—pAo3 )2 4
“l(opt) ( ) {/102_1_12 } ¥Se(Roa — 1) —
p(Aos—1)~A122,
2a1(0,,t)( ){72;_1 212203k y pS, Sy —

Sy _(A12—-pAo3)
20t5(op (sg,) =

2
2 Sy P(AM - 112103} { A12—pAo3 } 3
2a1(017t) (53) Aoa—1-233 Aoa—1-233 V5¢)103 )

) }/S S¢/112

After simplification of the above equation, we get

(llz—ploz)z}]

minMSE (Tar) = [(@ope) + 1= 2a10p0)) 7 + ahiopeyy S} {1 = p? = G225

_ (112—!7103)2}]

= (1 = 2a1(0pe)) Y2 + aZ(pr) [}72 +yS2 {1 - p? e

YZ
= (1= 2a30p0))7* + oty ( )

@1(opt)

=Y? (1 - al(opt))'

Theorem 3.2. The suggested classes of estimator T,;,i = 2, 3 have the following bias and
minimum MSE:

Bias(Ty;) = ¥ (a;Q; — 1), (14)

i

Q.Z
min MSE(Ty;) = Y2 <1 - F) (15)

Proof. Consider the estimator T,, as
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6

_(P\F2 (S5
Tz = @,y (‘) 7
p S

Rewriting the above estimator by utilizing the notation defined in Section 2, we get
Toz = V(1 + €)1+ e;) P2 (1 + ¢;,) 7%,
=a,7(1+ep) {1 - Beq +@ef + }{1 —6e, + @ef + }

Using Taylor series expansion, we expand the right-hand side of the above expression,
multiplying out and neglecting the terms of ¢’s having power greater than two, we get

Ty = aZY{l + ey — Brer — Paeoes + @ef — 0,6, — Oe0€, +@e§}.

By subtracting ¥ on both sides of the above expression, we get

_ +1
T, — Y=Y [az {1 +eq — Bre; — Baege; + %ef — By, — O,e0e, +

92(022+ 1) 622} B 1}.

Letting the above equation as Equation 16 and taking the expectation on both sides of the equation,
we get the bias of the estimator T, up to the first order of approximation as

0,(6, + 1)
YCh+ =y (hos = 1) = Bo¥pCyCy ezycyzu}— 1]

Bias(Tay) = ¥ [az {1 LB (ﬁzz +1)

=¥ (a0, - D).
The bias of the estimator T3 can be obtained in the same manner.

Now, squaring and applying the expectation on both sides of Equation 16, we get the MSE
up to the first order of approximation as

MSE(To) = V2 [1+ a3{1 +yC3 + (283 + B2)yC3 + (263 + 6,)y (hos — 1) — 4827pCy C —

0,6,
46,7Cy sy + 4B20,yCoos} — 20, {1 + BBy 02 4 20Dy g 1) —
B2ypCyCy — 02yCyA12 + ﬁzezycdz/lm}]a
which can further be written as
MSE(Taz) = Y2(1 + a5 P, — 2a,Q2). an

By minimizing the MSE(T,;) W.rt. az, we get @a(ope) = % and by replacing the value of
2

_ 2
a, with @y, in Equation 17, we get minMSE (T,,) = Y2 (1 _([2’_2)_ The MSE of the
2

estimator T3 can be determined on the same manner. In general, we can write
Bias(Ty;) = Y(a;Q; — 1);i = 2,3,

MSE (Ty) = Y2(1 + a?P; — 2a;Q;). (18)
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By minimizing the MSE (Ty;) w.r.t. a;, we get Qiopr) =+ and by replacing the value of «a;

with &;(ope) in Equation 18 we get minMSE (T,;) = Y2 (1 - i—l) where
P, = 1+y{C} + (2B% + Bo)C} + (202 + 0,)(os — 1) — 4B2pCy Cyp — 460,Cy Ay, +
45292C¢Ao3},
(B2+1) 62(82+1)
Q=1+ V{ﬁz ﬁ22+1 C42> z ZH (Aos—1) — ﬂzPCyC¢ — 0,0y + ,8292(:47/103},
Py =1+y{C}+3p%C; + 393 (Aos — 1) — 4B3pCyCy — 4605Cy A1, + 4P305C 03}, and

Q;=1+ y{ﬁngé + 632(}%)4 - ﬁ3PC¢ 93C Az + 3393C¢103}
Furthermore, B;(opr) = S {W} and 0;pe) = (%) i = 2,3 are utilized
04 04

as the optimum values of scalars when a; = 1 is put in the correspondmg estimators.

Corollary 3.1. The proposed classes of ratio type estimators Ty;, i = 2,3 are superior than
2

the proposed regression type of estimator T, if and only if % > Ay opt)-

Proof: This can be shown by the comparison of Equations 12 and 15.

We would also like to note that Theorem 3.1 and Theorem 3.2 are important to obtain the
efficiency conditions discussed in Section 4.

4. Comparative Study
We deduce the efficiency conditions by comparing the minimum MSEs of the suggested
classes of estimators and existing estimators.

e From Equation 12 and Equation 1, we get

MSE((Ty) > MSE (T,1) when @y opr) > 1 — yC3.
e From Equation 15 and Equation 1, we get

MSE(T,,) > MSE(T,;) when L>1—-yCZi=23.
e From Equation 12 and Equatzon 2, we get

MSE(T,) > MSE(T4;) when @ (ope) > 1 —y(CE + C5 — 2pC,Cy).
e From Equation 15 and Equation 2, we get

MSE(T,) > MSE(T,;) when L>1—y(CP+C5—2pCyChpy),i = 2,3.
e From Equation 12 and Equatzon 3, we get

MSE(T;;) > MSE (To1) when @y (opyy > 1 —yCi(1 = p2).
e From Equation 15 and Equation 3, we get

MSE(T,.) > MSE(T,;) When L>1—-yCi(1—p?),i=2,3.
e From Equation 12 and Equatzon 4, we get

MSE(Ty;) > MSE (Tay) when a1 (opey > 1 = ¥{R7C} + C3(1 — p?)},j = 1,2, .., 10.
e From Equation 15 and Equation 4, we get

MSE(Ts;) > MSE(T,;) when L>1-y{RIC;+ C2(1—p?)},i=23.
e From Equation 12 and Equatzon 6, we get

2 2 (A12-p203)?
MSE(Tyg,) > MSE(T,y) when @;(opey > 1 — yC2 {1 —p?— 7}

Ao4—1-203
e From Equation 15 and Equation 6 we get
MSE(Tyg1) > MSE(To,) when %> 1 — vz {1 - p? —M} i=23
91 ai Aoa—1-2g3 J’ ’
e From Equation 12 and Equation 7, we get
MSE(T,;) > MSE(T,1) when ;e > 1 —y({2C3 + C2 — 2{pC,Cy),i = 2,3.
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e From Equation 15 and Equation 7, we get
2
MSE(T,) > MSE (Ty) when % > 1 - y({%C2 + €} — 20pC,Cy ), = 2,3.
e From Equation 12 and Equation 8, we get
MSE(T,) > MSE (Ty1) when @y (op¢) > 1 —yCi(1 = p).
e From Equation 15 and Equation 8, we get

2
MSE(T,) > MSE(T,;) when % >1-yC2(1-p?),i=23.

e From Equation 12 and Equation 9, we get
MSE(Tyg;) > MSE (T,1) when a;op) >
e From Equation 15 and Equation 9, we get

Q7 _ AG?*+BD?-2DFG
MSE(Tpg2) > MSE (T,;) when Erryra

AG?+BD?-2DFG
(4AB-F2)

,1=2,3.

Under the conditions mentioned above, the proposed estimators T,;, i = 1,2,3 outperform
the traditional mean estimator, traditional ratio and regression estimators, Singh et al. (2008)
estimators, Bhushan et al. (2015) estimator, Bhushan and Gupta (2016) estimator, Zaman and
Kadilar (2019) estimators, Zaman (2020) estimator and Bhushan and Gupta (2020)
estimators. Successively, an empirical assessment was conducted using two different real
populations to verify the above efficiency conditions.

5. Empirical Assessment

This empirical application used two real populations which are discussed below.

Population 1. (Origin: Sukhatme and Sukhatme (1970), pp. 256)

y: area (in acres) under the wheat crop inside the circles,

¢: a circle based on more than five villages,

N =89, n=237Y =1102, P =0.124,C, = 0.65, C; = 2.678,and p = 0.624.
Population 2. (Origin: Singh and Chaudhary (1986), pp. 141)

y: area under lime (in acres),

¢: number of bearing lime trees (> 500).

N =22,n =12, Y =22.62091, P =0.5, C,, =1.4609, C,, =1.0235, and p =0.6292.

We now compute the MSE and percent relative efficiency (PRE) for the above two

populations. The PRE is calculated for the existing and proposed estimators T w.r.t. the
MSE(Ty)
MSE(T)
of this empirical asessement for both populations are presented in Table 2 by MSE and PRE,
demonstrating how the suggested classes of estimators outperform the existing estimators
presented in Section 2.

X 100. The outcomes

traditional mean estimator T, utilizing the expression: PRE =
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Table 2: MSE and PRE of different estimators

Estimators Population 1 Population 2

Tm 16559.39 100.00 41.36 100.00

Ty 10111.56 163.76 25.00 165.46

Ty 10220.13 162.02 25.11 164.71

Ty 23878.64 69.34 36.44 113.51

T 17786.42 93.10 28.98 142.72

T 10331.60 160.27 26.12 158.35

To10 10154.47 163.07 25.04 165.14

Tk 15731.42 105.15 40.02 103.34

Tok3) 10561.38 156.63 30.53 135.45

T k(s) 11421.86 144.83 34.28 120.64

T o) 15404.10 107.39 37.36 110.72

T 2k(9) 16026.43 103.22 40.49 102.15

T, 10111.56 163.76 25.00 165.46

Thg22) 15209.51 108.76 16.45 251.35

Thg2(a) 15492.64 106.78 16.96 243.76

Thg2(6) 21995.06 75.21 15.15 272.92

Thgae) 21362.40 77.44 13.28 311.45

Thy210) 13534.92 122.22 18.10 228.43

Ta 9883.88 167.53 11.83 349.51
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6. Results and Discussion

From the reported findings in Table 2, the proposed estimators T;, i=1,2,3 outperform the
following:

e The traditional mean per unit estimator Ty, classical regression and ratio estimators Tj,-
and T,., Bhushan et al. (2015) estimator T4, Bhushan and Gupta (2016) estimators
T}g1, Zaman (2020) estimator T,.

e The members Tsi,i =1,2,...,10 of Singh et al. (2008) estimator Ty.

e The member Ty (jy,j = 1,2, ..., 10 of Zaman and Kadilar (2019) estimators T.

e The members Ty g5y, j = 1,2, ..., 10 of Bhushan and Gupta (2020) estimators Tj,g,.

Furthermore, the proposed class of estimator T,, is found to be the most efficient among the
proposed classes of estimators Ty;, i = 1,2,3 for both populations by having the minimum
MSE and maximum PRE.

7. Conclusion

This manuscript suggests some efficient classes of regression and ratio kind of estimators for
the computation of population mean ¥ of the variable of interest y utilizing a higher order
moments such as the variance of an auxiliary attribute ¢. The conventional mean estimator
T, ratio estimator T,., regression estimator T;,- and Bhushan and Gupta (2016) estimator T g,
are found to be the members of the envisaged classes of estimators for duly opted valuations
of the characterizing scalars. The bias and MSE expressions have been obtained and the
efficiency conditions have been derived by comparing the MSE of the proposed classes of
estimators with the MSE of the contemporary estimators.

Furthermore, an empirical assessment utilized two real populations to verify the credibility of
the efficiency conditions. The numerical results have been found to be highly rewarding with
minimum MSE and maximum PRE exhibiting superiority over the traditional mean estimator
T, classical regression and ratio estimators Ty, and T;., members Ty, i = 1,2, ...,10 of Singh
et al. (2008) estimator Ty, Bhushan et al. (2015) estimator Tj,4, Bhushan and Gupta (2016)
estimator Tpg , members Tyy(jy; j =1,2,...,10 of Zaman and Kadilar (2019) estimators Ty,
Zaman (2020) estimator T, and members T} g, (jy; j =1,2,...,10 of Bhushan and Gupta (2020)
estimators Ty 4,. Moreover, it has been also seen from the numerical results that the ratio type
estimator T,, performs superior among the proposed estimators. Thus, due to their
uncontested performance, the proposed estimators are highly recommended to the surveyors
for the estimation of population mean ¥ of variable of interest y such that the information is
present as auxiliary attribute ¢.
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